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Proposition 1 $I\subset[0, \infty)$ $g_{A}$ $I$ convex ( concave)









$g_{G}^{a}( \psi)=-\log(1-\frac{F^{-1}(\psi)}{p}) , g_{G}^{b}(\psi)=\log(1+\frac{F^{-1}(\psi)}{p})$ .
Proposition 2 $I\subset[0, \infty)$ $f$ $F^{-1}(I)$ $C^{2}$ -
(i) $g_{G}^{a}$ $I$ convex ( concave) $f’(q)\leq(p-q)^{-1}f(q)$
( $\geq$), $q\in F^{-1}(I)$ .
(ii) $g_{G}^{b}$ $I$ convex ( concave) $f’(q)\leq-(p+q)^{-1}f(q)$




$F^{-1}(I)$ $f’\geq 0$ $f$ $g_{G}^{b}$ concave
Proposition $2(ii)$ $g_{G}^{b}$ convex
$f(q)=1/q$ $f(q)=e^{-q}$ $g_{G}^{b}$ convexity
Proposition 3 $f$ $[0,p)$ $C^{2}$ -
(i) $v\in(0, F(p))$ $I_{v}=(v, F(p))$ $f\in L^{1}((F^{-1}(v),p))$
$g_{G}^{a}\ovalbox{\tt\small REJECT}$ I concave
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(ii) $|f’(p-)|<\infty$ $F(p)$ $v<F(p)$ $9_{G}^{a}$ $I_{v}$ convex
Proof (i) $f\in L^{1}((F^{-1}(v),p))$ $F(p)<\infty$ $g$
concave Proposition 2(i)





$f’(p-)<0$ $q0\in(0,p)$ $f’(q)<0\leq(p-q)^{-1}f(q)$ ,
$q\in[q0,p)$ Proposition 2(i) $g_{G}^{a}$ $|$ $I_{F(qo)}$ concave $f’(p-)\geq 0$
$f(p-)>0$ $q_{1}\in(0,p)$ $f(q)\geq f(p-)/2,$ $q\in(q_{1},p)$ .
$\lim_{qarrow p}f(q)(p-q)=0$ $q_{2}\in(q_{1},p)$
$f’(q)(p-q)< \frac{f(p-)}{2}\leq f(q) , q\in(q_{2},p)$ .
Proposition 2(i) $g_{G}^{a}$ $I_{F(q_{2})}$ convex
$v$
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( ) $x_{i}^{t}J$ $MI$ $y_{i}^{t}$ $(i=1, \ldots, 5)$
:
$x_{i}^{t}= \sum_{j=1}^{i}\psi_{j}^{t}, y_{i}^{t}=1-\frac{q_{i}^{t}}{p^{t}},$
$p^{t}$ $t$ mid-price ( ) 2







Figure 2: Image of the transformation from $(q_{i}^{t}, \psi_{i}^{t})$ to $(x_{i}^{t}, y_{i}^{t})$ .
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$(x_{i}^{t}, y_{i}^{t})(i=1, \ldots, 5, t=0, \ldots, 110)$ 3
$\epsilon_{i}^{t}$
$(a.)y_{i}^{t}=\alpha+\beta x_{i}^{t}+\gamma(x_{i}^{t})^{2}+\epsilon_{i}^{t}$ ( )
$(b.)y_{i}^{t}=\beta x_{i}^{t}+\gamma(x_{i}^{t})^{2}+\epsilon_{i}^{t}$ ( )






$(\gamma>0 $ convex, $\gamma<0 $ concave $ )$ $(c.)$
$y_{i}^{t}=C(x_{i}^{t})^{\gamma}$ $($ $C=e^{\alpha}>0)$ $\gamma>1$ convex, $(0<)\gamma<1$ concave
(a), (b) $\gamma$ $t$
5.3
3-5
$t$ ( $(a.),$ $(b)$ ) $\log x_{i}^{t}$ ( $(c)$ )
$t$
$\gamma$ ( 3-4 $0$ , 5
1 $)$ $MI$ convex, concave
$MI$ concave
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Figure 3: $t$-values of the coeffi- Figure 4: $t$-values of the coeffi- Figure 5: Coefficients $\gamma$ in the



















$f$ (4.2) $MI$ 7-8
8 concave
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Figure 6: Form of $f(q)$ defined by (6.1). $\alpha$ is set as 0.1.
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Figure 7: $MI$ function defined by (4.2) and (6.1). Figure 8: Enlarged view of Figure 7 with small











$t$ efficient price $P_{t}$ $0$ , $\sigma$
25. $t$ $\lfloor P_{t}\rfloor$ ( $\lfloor\cdot\rfloor$ ).
$t$ $N_{t}^{b}(0)$
$\mu^{b}h^{b}(Y_{t})$ Cox $=P_{t}-\lfloor P_{t}\rfloor\in[0,1)$ . $\mu^{b}>0$ $h^{b}$




DRR $N_{t}^{b}(k)$ ( $N_{t}^{a}(k)$ ) $k$ $t$
( ) ( $k=0$ ).
$N_{t}^{b}(k)$ ( $N_{t}^{a}(k)$ ) $\mu^{b}h^{b}(Y_{t}+k)$ ( $\mu^{a}h^{a}(\tilde{Y}_{t}+k)$ , $\tilde{Y}_{t}=\lceil P_{t}\rceil-P_{t},$
) Cox $(k=0,1,2, \ldots)$ $\mu^{b},$ $\mu^{a}>0$
$h^{b},$ $h^{a}\ovalbox{\tt\small REJECT}$ $[0, \infty)$ $\int_{0}^{\infty}h^{b}(y)dy=\int_{0}^{\infty}h^{a}(y)dy=1$
$t$ ( ) $M_{t}^{b}$ ( $M_{t}^{a}$ )
$\lambda^{b}$ ( $\lambda^{a}$ ) Poisson
$\sigma(P_{t};t\geq 0)$ ( )
$F_{t}(l)$ $l$ $t$ $F_{t}(l)$




$(l)=1(l\leq\lfloor P_{0}\rfloor),$ $-1(l\geq\lceil P_{0}\rceil)$ , 0(otherwise) ), $m/n$
$25P_{0}$ $\hslash>$




$B_{t}^{b}= \sup\{l\in \mathbb{N} ; F_{t}(l)>0\}, B_{t}^{a}=\inf\{l\in \mathbb{N} ; F_{t}(l)<0\}.$
1. ( ) $\Delta M_{(m+1)/n}^{b}$ $:=M_{(m+1)/n}^{b}-M_{m/n}^{b}$ $\lambda^{b}/n$ Poisson
$-F_{m/n}(B_{m/n}^{a})\geq\Delta M_{(m+1)/n}^{b}$ $F_{(m+1)/n}(B_{m/n}^{a})=F_{m/n}(B_{m/n}^{a})+$
$\triangle M_{(m+1)/n}^{b}$
$l$ $- \sum_{k=0}^{\iota}F_{m/n}(B_{m/n}^{a}+k)\geq\Delta M_{(m+1)/n}^{b}$
$F_{(m+1)/n}(B_{m/n}^{a}+k)=0,$ $k<l,$ $F_{(m+1)/n}(B_{m/n}^{a}+l)= \sum_{k=0}^{l}F_{m/n}(B_{m/n}^{a}+$
$k)+\Delta M_{(m+1)/n}^{b}$




$F_{(m+1)/n}(B_{m/n}^{b}-k)=0,$ $k<l,$ $F_{(m+1)/n}(B_{m/n}^{b}-l)= \sum_{k=0}^{\iota}F_{m/n}(B_{m/n}^{b}-$
$k)-\triangle M_{(m+1)/n}^{b}$
3. ( ) $k=0,1,2,$ $\ldots,$ $\lfloor P_{m/n}\rfloor-1$ $\triangle N_{(m+1)/n}^{b}(k)$ $;=N_{(m+1)/n}^{b}(k)-$
$N_{m/n}^{b}(k)$ $\mu^{b}h^{b}(Y_{m/n}+k)/n$ Poisson $F_{(m+1)/n}(\lfloor P_{m/n}\rfloor-k)=$
$F_{m/n}(\lfloor P_{m/n}\rfloor - k)$ $+\triangle N(bm+l,,/n( F_{m/n}(\lfloor P_{m/n}\rfloor-k)<0$
1. $\triangle N_{(m+1)/n}^{b}(k)$
4. ( ) $k=0,1,2,$ $\ldots$ 27, $\Delta N_{(m+1)/n}^{a}(k)$ $:=N_{(m+1)/n}^{a}(k)-$
$N_{m/n}^{a}(k)$ $\mu^{a}h^{a}(\tilde{Y}_{m/n}+k)/n$ Poisson $F_{(m+1)/n}(\lceil P_{m/n}\rceil+k)=$
$F_{m/n}(\lceil P_{m/n}\rceil+k)-\triangle N_{(m+1)/n}^{a}(k)$ $F_{m/n}(\lceil P_{m/n}\rceil+k)>0$
2. $\Delta N_{(m+1)/n}^{a}(k)$
5. (Efficient price ) $\xi_{(m+1)/n}$
$P_{(m+1)/n}=P_{m/n} \exp(-\frac{\sigma^{2}}{2n}+\frac{\sigma}{\sqrt{n}}\xi_{(m+1)/n})$
28.
$T=1$ $LOB$ $(F_{1}(l))_{l}$ $\mathbb{R}\mathbb{N}$-
$m$















(i) $\sigma_{h}$ (ii) $\lambda_{h}$ $h$
$h$
LOB $MI$
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Figure 9: Forms of LOB in the case of (i). Horizontal axes correspond to the volume of limit
orders (positive: buying, negative: selling). Vertical axes correspond to price levels. Left:
$\sigma_{h}=2$ . Right: $\sigma_{h}=5$ . Other parameters are set as $\sigma=0.05,$ $\mu=1000$ and $\lambda=500.$
$-150 -100 -50 0 50 100 150 -150 -100 -50 0 50 100 150$
Figure 10: Forms of the $MI$ function in the case of (i). Horizontal axes correspond to execution
volumes $\psi$ (positive: buying, negative: selling). Vertical axes correspond to $g_{A}(\psi).$ Left: $\sigma_{h}=2.$
Right: $\sigma_{h}=5$ . Other parameters are set as $\sigma=0.05,$ $\mu=1000$ and $\lambda=500.$
9 ( 10) (i) $\sigma_{h}=2,5$ LOB ( $MI$ )
( ) (
) $\sigma=0.05,$ $\mu=1000,$ $\lambda=500$
$\sigma_{h}=2,5$ $MI$ concave,
convex $S$- $MI$
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Figure 11: Forms of LOB in the case of (ii). Horizontal axes correspond to the volume of
limit orders (positive: buying, negative: selling). Vertical axes correspond to price levels. Left:
$\lambda_{h}=1$ . Right: $\lambda_{h}=5$ . Other parameters are set as $\sigma=0.05,$ $\mu=1000$ and $\lambda=500.$
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Figure 12: Forms of the $MI$ function in the case of (ii). Horizontal axes correspond to execution
volumes $\psi$ (positive: buying, negative: selling). Vertical axes correspond to $g_{A}(\psi)$ . Left: $\lambda_{h}=2.$
Right: $\lambda_{h}=5$ . Other parameters are set as $\sigma=0.05,$ $\mu=1000$ and $\lambda=500.$
(ii) 11-12 $\lambda_{h}=1,5$ LOB $MI$
(i) $\sigma=0.05,$ $\mu=1000,$ $\lambda=500$
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$(\sigma=0.05)$ $\sigma$ $MI$
$\sigma$ efficient price $h$
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Figure 13: Forms of LOB in the case of (i). Horizontal axes correspond to the volume of
limit orders (positive: buying, negative: selling). Vertical axes correspond to price levels. Left:
$\sigma=0.01$ . Right: $\sigma=0.2$ . Other parameters are set as $\sigma_{h}=5,$ $\mu=1000$ and $\lambda=500.$
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Figure 14: Forms of the $MI$ function in the case of (i). Horizontal axes correspond to execution
volumes $\psi$ (positive: buying, negative: selling). Vertical axes correspond to $g_{A}(\psi)$ . Left: $\sigma=$





$\sigma=0.05,$ $\mu=1000$ $\lambda=500,100$ LOB
$MI$ 15-16 $(\lambda=500)$
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Figure 15: Forms of LOB in the case of (iii). Horizontal axes correspond to the volume of
limit orders (positive: buying, negative: selling). Vertical axes correspond to price levels. Left:
$\lambda=500$ . Right: $\lambda=100$ . Other parameters are set as $\sigma=0.05$ and $\mu=1000.$
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Figure 16: Forms of the $MI$ function in the case of (iii). Horizontal axes correspond to execution
volumes $\psi$ (positive: buying, negative: selling). Vertical axes correspond to $g_{A}(\psi)$ . Left: $\lambda=$
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Figure 17: Forms of LOB (left) and the $MI$ function (right) in the case of (iii). Parameter
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